Abstract. An important problem in web search is to determine the importance of each page. From the mathematical point of view, this problem consists in finding the nonnegative left eigenvector of a matrix corresponding to its dominant eigenvalue 1. Since this matrix is neither stochastic nor irreducible, the power method has convergence problems. So, the matrix is replaced by a convex combination, depending on a parameter c, with a rank one matrix. Its left principal eigenvector now depends on c, and it is the PageRank vector we are looking for. However, when c is close to 1, the problem is ill-conditioned, and the power method converges slowly. So, the idea developed in this paper consists in computing the PageRank vector for several values of c, and then to extrapolate them, by a conveniently chosen rational function, at a point near 1. The choice of this extrapolating function is based on the mathematical expression of the PageRank vector as a function of c. Numerical experiments end the paper.
The problem
The mathematical problem behind web search is the computation of the nonnegative left eigenvector of a p × p matrix P corresponding to its dominant eigenvalue 1, where p is the number of pages in Google (8.06 billion at the end of March 2005). Since P is not stochastic (some rows of P may contain only zeros due to the so-called dangling nodes), it is replaced by the matrix P = P + dw T with w ∈ R p a probability vector, that is, such that w ≥ 0 and (w, e) = 1 with e = (1, . . . , 1) T , and d = (d i ) ∈ R p the vector with d i = 1 if deg(i) = 0, and 0 otherwise, where deg(i) is the outdegree of the page i, that is, the number of pages it points to.
Since the matrix P is not irreducible, it is replaced by the matrix
where c is a parameter between 0 and 1, and E = ev T with e = (1, . . . , 1) T ∈ R p and v is a probability vector. Such a modification of the matrix corresponds to adding to all pages a new set of outgoing transitions with small probabilities. The probability distribution given by the vector v can differ from a uniformly distributed vector, and the resultant PageRank can be biased to give preference to certain kinds These iterations converge to r c as c n , and originally Google chooses c = 0.85, which insures a good rate of convergence. Anyway, since the computation of the PageRank vector can take several days, various methods for their acceleration have been proposed [12, 5] .
The vector r = lim c→1 r c is uniquely determined as the limit, when c tends to 1, of the family of vectors r c . However, it is just one of the infinitely many solutions of P T r = r, r ≥ 0, (r, e) = 1, which form a nontrivial convex set. Notice that the conditioning of the matrix P c grows as (1 − c) −1 , but that the function r c is analytic in a small neighbourhood of 1 in the complex plane [10] . For a detailed analysis of the sensitivity of the vector r c , see [21] . We recommend [15] for detailed explanations about the origin, the mathematical properties, and the treatment of the PageRank problem.
An idea for obtaining approximations of lim c→1 r c is to compute the vector r c for different values of c away from 1, to interpolate them by some vector function, and finally to extrapolate this function at the point c = 1, or at any other point close to 1. Of course, in order to obtain good results, the interpolating function has to mimic as closely as possible the exact behavior of r c with respect to c. This behavior was analyzed in [10] , where the following results are proved (see also [20] 
where y is one of the PageRank vectors (i.e. corresponding to c = 1).
In the general case,
and β i equal to 0 or 1.
Furthermore, if the eigenvalue 1 has multiplicity m (1 has to be semisimple), then β i = 0, i.e. w i (c) = α i for i = 2, . . . , m, and therefore T a nonnegative projector, i.e. N = N 2 with nonnegative entries. Notice that formula (1.3) is well defined when c tends to 1, and indeed r c can be extended in an analytic way at this point as explained above. However the vector r at c = 1 coincides with y only if the web is made by a unique irreducible component (which is not the case). In the general case, the null space of I − P has dimension m 1, and r ≥ 0 is a linear combination of a basis of this null space; its characterization can also be given in terms of a Cesaro operator [21] .
According to (1.1) or (1.2), r c is a vector rational function with a vector numerator and a scalar denominator of degree p − 1 in c. We also see that r c tends to r when c tends to 1.
Extrapolation methods following this analysis were given in [7] . As explained above, the idea is to compute several vectors r c for various values of c, and to interpolate them by a vector rational function of the same form as (1.1) or (1.2) but with a much smaller degree k ≤ p−1, and then to compute this rational function at a point outside the interval containing the values of c used before (c = 0.85, or c = 1, or any other value of c close to 1).
Although, in our extrapolation procedures, the vector r c has to be computed for different values of the parameter c, it is very important to notice that the power method does not need to be restarted for each value of c. The total number of iterations needed by our procedures is the one required for the highest value of c, and no additional iteration is needed. Indeed, as observed in [2] (see also Properties 8 and 9 of [5] ), it holds
where A = P T . This relation shows that it is possible to apply the power method simultaneously (that is, in the same loop of the program) for several values of c with only a small additional cost. Indeed, since ( A − I) A n v is independent of c,
corresponding to c can be directly obtained by
We will now discuss such extrapolation procedures in more detail, give new ones, and report some numerical experiments.
Vector rational extrapolation
Let us describe in more detail an algorithm for vector rational extrapolation which was first given in [7] and discuss some of its properties.
We begin by interpolating the vectors r c ∈ R p corresponding to several values of the parameter c by the vector rational function
where P k and Q k are polynomials of degree k ≤ p − 1. The coefficients of P k are vectors, while those of Q k are scalars. Then, an approximate value of r c , for an arbitrary value of c (in general outside the interval containing the interpolation points, thus the name of the procedure) will be given by p(c).
Following an idea introduced in [6] , the coefficients of P k and Q k are obtained by solving the interpolation problem
with p i = r c i , and the c i 's distinct points in ]0, 1[. The polynomials P k and Q k are given by the Lagrange interpolation formula
Let us now show how to compute Q k (c 0 ), . . . , Q k (c k ). We assume that, for c * = c i , i = 0, . . . , k, the vector r c * is known. Following (2.1) and (2.4), we will approximate it by
. Let s 0 , . . . , s k be k + 1 linearly independent vectors. After taking their scalar products with the vector p(c * ), given by (2.5), and with the vector r c * , we will look for a 0 (c * ), . . . , a k (c * ) solutions of the system of k + 1 linear equations
Instead of considering (2.6) as a linear system in the unknowns a 0 (c * ), . . . , a k (c * ), we can consider it as a system in the unknowns
's are known quantities, the a i (c * ) will be immediately deduced.
T , and
and it follows that
⊥ that is orthogonal to span(s 0 , . . . , s k ). This vector can be represented as a ratio of determinants; see [8, 4] .
For the particular choice s j = p j , j = 0, . . . , k, the system (2.7) has a symmetric positive definite Gram matrix, and p(c
Remark 2.1. Let us remark that k +1 linearly independent vectors s j could be used with k > k, in which case the system (2.6) has to be solved in the least squares sense.
Once the a i (c * )'s have been obtained, the Q k (c i )'s could be computed. For that, it is necessary to know the value of Q k (c * ). Since a rational function is determined apart from a multiplying factor, it does not restrict the generality to assume that the polynomial Q k is monic. So, from (2.3), we see that its dominant coefficient satisfies the relation
But, as we will see now, it is even unnecessary to know the Q k (c i )'s and Q k (c * ). Indeed, for an arbitrary value of c, we obtain an approximation of r c as
.
Dividing the numerator and the denominator by Q k (c * ) finally leads to the extrapolation formula
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When c = c * , it follows from (2.3) that the denominator in this formula is equal to 1. Indeed, for c = c * , (2.3) gives
From Formula (2.10), it is easy to see that p(c j ) = p j for j = 0, . . . , k, and that, in general, p(c * ) = r c * . Moreover, since for all i, (p i , e) = 1, it follows that, for all c, (p(c), e) = 1.
When k = p − 1, the matrices S and M are square and nonsingular and (2.8) shows that, in this case, p(c * ) = r c * . This vector condition corresponds to p scalar ones, as well as to those of the system (2.6). Moreover, the p vector interpolation conditions (2.2) correspond to p 2 scalar ones. Thus, in total, we obtain p 2 + p conditions. On the other side, when k = p − 1, we have p unknowns vectors of dimension p in the polynomial P k , and p unknown scalar coefficients in Q k . Thus, by a uniqueness argument, it follows that, for all c, p(c) = r c .
A more compact formula can be obtained as follows.
and (2.10) can be written as 
A simpler vector rational extrapolation
Let us consider a vector rational extrapolation method where the extrapolating function has the same form as (1.1) or (1.2), but with only the first two terms (which corresponds to taking p = 2 in these formulae). Therefore, in both cases, we will consider an extrapolation function of the form
where y is an approximation of r, z is an approximation of α 2 y 2 , and λ is an approximation of λ 2 . These two unknown vectors and the unknown scalar will be computed by an interpolation procedure needing only 3 values of c. As above, let p i = r c i , and let the c i 's be distinct values in ]0, 1[. We consider the interpolation condition
The difference p i − p j eliminates y, and we have
We now need to compute the scalar λ and the vector z. Let q be a vector so that the scalar products (p i − p j , q) and (p k − p j , q) are different from zero. We set
Then z takes the form
Finally, y is given by
Thus, from the expressions (3.2), (3.3), and (3.4), Formula (3.1) leads to the rational vector extrapolation procedure (3.1), that is, p(c) r c .
Since (p i , e) = 1, then (p(c), e) = 1.
A minimization procedure
Any scalar combination of different vectors p i = r c i can be considered as an extrapolation procedure (indeed, compare with (2.10)). So, we will now build an approximation p(c) of r c of the form
where the parameter α is chosen such that the Euclidean norm of the vector P It holds
and the α which minimizes P
T c p(c) − p(c) is
α = − (P T c (p 1 − p 0 ) − (p 1 − p 0 ), P T c p 0 − p 0 ) P T c (p 1 − p 0 ) − (p 1 − p 0 ) 2 .
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Let us mention that the products P T c p i are cheap and easy to compute [5, 12, 15] , and only two of them are required in this procedure.
Obviously this strategy could be extended to a more general form of minimization where
Numerical experiments
For conducting our numerical experiments, we construct several matrices P = (p ij ) in a random way as follows. First we select a random integer pm (with a uniform distribution) between 1 and p/10, where p is the dimension of P . Then, we generate a random integer vector m of dimension p with components between 1 and pm. Each row i of the matrix P will contain, at most, m(i) nonzero elements. Then, we randomly choose, for each row i, an integer vector of dimension m(i), and we eliminate its identical components. The length of this vector will be the outdegree of the page i, that is, deg(i), and its components will give the indices j of the columns such that p ij = 1/deg(i), all other elements being set to zero. Let us mention that it is possible to set p ii = 0 for avoiding self-hyperlinks, an option we did not choose. Finally, among all rows, we randomly set to zero p/5 of them, corresponding to the dangling nodes. Thus, by construction, such matrices P (and the corresponding matrices P and P c ) have the same mathematical properties as those coming out from the web. Moreover, they present the advantages that their dimension, their sparsity, and their number of dangling pages can be adjusted according to the user choice.
A very important point to mention is that, in fact, we are not interested in the exact values of the components of the real and extrapolated PageRank vectors, but in their relative values, that is, in the rank of each of them compared with the other components. But, as noticed in [16] , the values assigned to pages can be quite sensitive due to the stability of the PageRank algorithm. Then, the ranks could also be quite volatile with respect to changes in the matrix; this is the notion of rank-stability, first defined and studied in [3] . Moreover, stability of the PageRank algorithm does not imply rank-stability, and a change in the outlink of a page of small rank can completely change the whole ranking.
The computations were performed with a 1.73 GHz Pentium M processor, using Matlab 7.x.
In the following tables, rows are numbered. Our methods will be denoted as vrem for the vector rational extrapolation method of Section 2, svrem for the simpler vector rational extrapolation method given in Section 3, and vmp for the vector minimisation procedure of Section 4.
The first column of data gives the name of the extrapolation method, and the number of vectors it needs. For vrem, this number is k + 2, and each row contains the results obtained with the first k + 1 values in the list of the c i 's, and with the same c * . For svrem and vmp the number of vectors is always 3 and 2, respectively. The second column corresponds to the ∞-norm of the difference between the PageRank vector r c computed by the power method with a precision of 10 −8 , and the vector p obtained by one of our procedures.
In the third column, we give the 1-norm of the same difference divided by the dimension p of the problem. This quantity represents the mean value of the absolute values of the error. We can also compute its standard deviation as
experiments show that the standard deviation is quite small, thus showing that the errors are concentrated around their mean value E. Let us mention that the improvement brought by our extrapolation procedures was also checked by using the Kendall τ rank correlation coefficient [13] . The fourth column (nch) is the total number of changes in the ranking of the components between the PageRank vector and the vector obtained by extrapolation.
The fifth column (ich), after sorting r c and p by descending values, is the rank where the first change occurs.
In column 6, d max is the maximum displacement of a page (in absolute value), and the rank where it occurs (before sorting) is given in column 7 (pos). A positive value of d max means that the pos-th component of r c went up in the list, and that it went down if it is negative.
The last two columns show the ranks of the page corresponding to this maximum change in the sorted PageRank vector (ix max ), and in the sorted extrapolated one (iy max ), respectively.
For instance, in the first row of Table 1 , we test the vrem procedure with the first 3 values of c i (0.1, 0.15 and 0.2), and c * = 0.5; we have a total of 4417 pages for which the rank changes, but the first 17 (ich − 1) pages having the higher rank are correctly detected; the maximum displacement d max = −47 occurs for the component pos = 4365 of the vector r c , and the corresponding page has the rank ix max = 1553 in the sorted vector r c , while it has the rank iy max = 1600 in the sorted vector p(c). So, it went down by 47 positions.
The first 6 rows in all tables (except for Table 4 ) correspond to the vrem applied by using an increasing number of vectors, starting from 4. In the second part of the table, the first row (# 7) shows again the results obtained by the vrem with 4 vectors (as row #1) but using the last 3 values of c i (that is, c 5 , c 6 , c 7 , instead of the first 3 values), and the same value of c * . The row # 8 provides the results for the svrem by using the same 3 c i 's, and q = p 7 − p 5 . The vpm (row # 9) uses only p 5 and p 7 .
All results were conducted with w = v. We begin by a matrix of dimension p = 5000 containing 942806 nonzero elements. The parameter c was fixed to 0.85, and 8 iterations were needed by the power method to achieve a precision of 10 Table 1 , it seems that the best results, according to the previous criteria, have been obtained with vrem 7 (see the values marked by a grey background), which leads to nch = 689 changes, with a largest change in the ranking of the pages of only d max = 2. Thus, our extrapolation procedures only produce small changes (1 or 2) in the ranking given by the power method. In Table 2 , we give the results obtained by using the same matrix and the same values as in Table 1 , but interchanging c 3 and c * . We remark that rows # 1 are the same in both tables. They use the same values for c 0 , c 1 and c 2 , the only difference being the value of c * . We notice that the errors of the vrem decrease when k increases, but that, for k + 2 = 9 (row # 6), rounding errors destroy this improvement. The best results (with respect to d max , ich, and nch) are obtained with k +2 = 7 (row # 4) in both tables. But, in Table 2 Computing r c for c = 0.99 and extrapolating at that same point, we obtain, with c i = 0.55, 0.6, 0.65 and c * = 0.25, the results given in Table 4 where only the second part of the results is given. For c = 0.99, 13 iterations of the power method are needed, while, for c i = 0.65 (our highest value) only 6 are required. Of course, these results are less good than the preceding ones, not a surprise since the conditioning of the problem behaves as (1 − c) −1 . Here svrem and vmp give comparable results with, obviously, the advantage that vmp needs only 2 vectors. With c * = 0.5, the results are the same. The computation of the dominant eigenvector of a stochastic matrix appears in various situations (stochastic processes, Markov chains, data mining, information retrieval, networks, etc.) where the dimensions of the problem could be much smaller than in the case of web matrices; see, for example, [1, 18, 17, 19, 22] and [14] where quite small matrices (around 10 or 20) are involved. In these applications, the matrix could be reducible, thus leading to the same problem as with Google's matrix, and a kind of regularization by a parameter c followed by an extrapolation procedure could be of interest. This is the reason why we now consider numerical results obtained by our extrapolation methods for a matrix of dimension 1000 hav- Table 5 . The best results are obtained with vrem 9. As in Table 2 , if we accept a greater value for nch, then the same |d max | and ich are obtained with vrem 8. Moreover, since the maximum displacement in the positions is 2 for both cases, the value of ix max in row # 5 As a conclusion, the best extrapolation procedure seems to be the vrem. But, obviously, more numerical experiments have to be performed to fully understand the role of each parameter, and a theoretical study of the extrapolation error has to be conducted.
